We study a branching Brownian motion Z in R d , among obstacles scattered according to a Poisson random measure with a radially decaying intensity. Obstacles are balls with constant radius and each one works as a trap for the whole motion when hit by a particle. Considering a general offspring distribution, we derive the decay rate of the annealed probability that none of the particles of Z hits a trap, asymptotically in time t. This proves to be a rich problem motivating the proof of a more general result about the speed of branching Brownian motion conditioned on non-extinction. We provide an appropriate skeleton decomposition for the underlying Galton-Watson process when supercritical and show through a non-trivial comparison that the doomed particles do not contribute to the asymptotic decay rate.
Introduction
Branching Brownian motion (BBM) among random obstacles functioning as traps has been studied recently in [6, 7, 9, 12, 16] . We study a BBM that evolves in R d , where a radially decaying field of Poissonian traps are Email addresses: mehmetoz@ku.edu.tr (MehmetÖz), mcaglar@ku.edu.tr (Mine Ç aglar), janos.englander@colorado.edu (János Engländer) present. We are mainly interested in the trap-avoiding probability of the system up to time t, where the underlying Galton-Watson process (GWP) has a general offspring distribution. Investigation of this problem leads us to finding the speed of BBM conditioned on non-extinction, which is of independent interest.
Let Z = (Z(t)) t≥0 be a d-dimensional BBM with branching rate β > 0 and offspring distribution λ. The process starts with a single particle at the origin, which performs a Brownian motion in R d for a random time which is distributed exponentially with constant parameter β. Then, the particle dies and simultaneously gives birth to a random number of particles distributed according to the offspring distribution λ, which is a probability measure on N = {0, 1, 2, . . .}. Similarly, each offspring particle repeats the same procedure independently of all others, starting from the position of her parent. In this way, one obtains a measure-valued Markov process Z = (Z(t)) t≥0 , where Z t can be identified as a particle configuration for given t ≥ 0. By assumption, Z(0) = δ 0 . The total mass process |Z| = (|Z(t)|) t≥0 is a continuous time branching process with rate β, and the number of particles in generation n of |Z| is a GWP (N (n)) n∈N with offspring distribution λ. The initial particle present at t = 0 constitutes the 0 th generation, the offspring of the initial particle constitute the 1 st generation, and so forth. We denote the extinction time of the process |Z| by τ , which is formally defined as τ = inf {t ≥ 0 : |Z(t)| = 0}, where we use the convention that inf ∅ = ∞. We then denote the event of extinction of the process |Z| by E, and formally write E = {τ < ∞}. We use the term non-extinction for the event E c . Let P be the probability corresponding to the process Z, and E the corresponding expectation.
The branching Brownian motion is assumed to live in a random environment consisting of Poissonian traps. Let B(R d ) be the d-dimensional Borel sets, and let Π denote the Poisson random measure on B(R d ), with a spatially dependent locally finite mean measure ν such that dν/dx exists and is continuous on R d and
where dx is for the Lebesgue measure. A random trap configuration K with radius a on R d is defined as
whereB(x i , a) is the closed ball of radius a > 0 centered at x i . Let P be the probability for the Poisson random measure, and E the corresponding expectation. For A ∈ B(R d ) and t ≥ 0, notice that |supp(Z(t)) ∩ A| is the number of particles located in A at time t. For t ≥ 0, let R(t) = s∈ [0,t] supp(Z(s)) (2) be the range of Z up to time t. Now let T be the first time that Z hits a trap, T = inf {t ≥ 0 : |supp(Z(t)) ∩ K| > 0} = inf {t ≥ 0 : R(t) ∩ K = ∅} .
Then, the event of trap-avoiding up to time t of Z among the Poissonian traps is given by {T > t}. We aim to analyze (E×P )(T > t), the annealed (averaged) trap-avoiding probability of the system up to time t, for a BBM with a general offspring distribution λ. In [7] , the asymptotic decay of the annealed probability has been found as t → ∞ in the strictly dyadic branching case, that is, λ(2) = 1. On the way to its generalization, we find out that the problem proves to be rich enough to require several stand-alone results that we also contribute in this paper. The most important of these is on the speed of BBM conditioned on non-extinction as given in Theorem 1. When the GWP is supercritical, the particles are grouped into those with infinite or finite line of descent, so-called "skeleton" and "doomed" particles, respectively. In other words, a skeleton decomposition is performed to analyze the problem. We show by a comparison argument that the doomed particles do not contribute to the conditional speed. Here, the speed of BBM refers to the growth rate of the radius of the minimal ball containing the range of the BBM. It has first been studied by McKean [14, 15] , later by Bramson [1, 2] and Chauvin and Rouault [5] , and is still subject to active research.
In Theorem 2, we prove the asymptotic decay of the annealed trapavoiding probability as a large deviation result. It is an important and nontrivial application of Theorem 1. The problem of trap-avoiding asymptotics for BBM among Poissonian traps has been previously studied by Engländer [6] for the case d ≥ 2 and where the trap intensity was uniform. Then, in search for extending the result to the case d = 1, Engländer and den Hollander [7] considered the more interesting case where the trap intensity was radially decaying as given in (1) . Both of these works were for a strictly dyadic underlying GWP, and laterÖz and Ç aglar [16] studied the uniform Poisson intensity case for GWPs with a general offspring distribution. In the present work, we consider a radially decaying trap intensity as in (1) , and a general offspring distribution for the underlying GWP. We show that, conditioned on non-extinction, the doomed particles of the decomposition of the supercritical GWP do not contribute at all to the asymptotic decay rate of the trap-avoiding probability. In comparison with the strictly dyadic case, the mean and another functional of the offspring distribution appear as parameters in the rate expression (see (5)). We refer the reader to [8] for an interesting survey article on the topic of BBM among Poissonian traps, and to [9, 12] for various related problems.
Theorem 3 is a technical result identifying the rate function of Theorem 2 through tedious analysis.
The organization of the paper is as follows. In Section 2, we give the statements of the three theorems described above as our main results. Section 3 includes the essential lemmas together with their proofs. In sections 4, 5 and 6, we prove theorems 1, 2 and 3, respectively.
Main Results
To formulate our main results, we introduce further notation. Let f be the probability generating function (p.g.f.) of the offspring distribution, and µ be the mean number of offspring,
and define m = µ − 1.
Throughout this work, we assume that µ < ∞ and without loss of generality that λ(1) = 0 (see the proof of Lemma 4). Now let q = P (E) be the probability of extinction for the underlying GWP, and let
Note that λ(0) = 0 implies that q = 0 since two or more offspring is produced each time a particle branches. When λ(0) = 0, it then follow that α = 1 as f ′ (0) = λ(1), and λ(1) = 0 by assumption. Also, q = 1 when µ ≤ 1, and q ∈ (0, 1) when λ(0) > 0 and µ > 1.
For r, b ≥ 0, define
where e = (1, 0, . . . , 0) is the unit vector in the direction of the first coordinate. Finally, let
where s d is the surface area of the d-dimensional unit ball (s 1 = 2, s 2 = 2π, s 3 = 4π, etc.). Finally, recall from (2) that ∪ s∈[0,t] Z(s) denotes the range of Z up to time t, and define
to be the radius of the minimal ball containing R(t). Now we state our main results.
Theorem 1 (Conditional speed of BBM).
Suppose that the underlying GWP is supercritical, i.e., m > 0. Then, for d ≥ 1, conditioned on non-extinction,
converges to √ 2βm in P -probability as t → ∞.
Regarding the speed of BBM, we refer the reader to [14, 15] for the case d = 1, and where λ(0) = 0. We note that almost sure speed results exist too (see e.g. [11] ), but for our purposes, convergence in probability suffices. For d ≥ 2 and λ(0) = 0, we derive the speed in Proposition 1 in Section 4. Theorem 1, which is also proved in Section 4, covers the general case where λ(0) can be nonzero. In this result, we see that conditioned on nonextinction of the underlying GWP, the speed remains as √ 2βm, which can be explained as follows. When the supercritical GWP is decomposed into skeleton and doomed particles (see Lemma 4) , the doomed particles do not contribute to the speed, and the skeleton particles alone form another GWP with the same mean as the original one.
(For η = 0 put c = 0 and
2. If λ(0) > 0 and m > 0, then
where τ = inf {t ≥ 0 : |Z(t)| = 0} is the extinction time and E is the event of extinction for the underlying GWP.
In comparison with the variational result given in [7, Theorem 1.1] for dyadic branching, Theorem 2 contributes two extra factors, both naturally depending only on f , in the expression for the rate function (5) . The extra factor α in the first term appears when λ(0) > 0 (if λ(0) = 0, then α = 1). It is a consequence of the modified p.g.f. for the offspring distribution of the skeleton particles, which are part of the decomposition of the supercritical GWP conditioned on non-extinction. The extra factor m inside g d appears, because the speed of BBM is now no longer √ 2β but √ 2βm. Since α = 1 = m for strictly dyadic branching, the result in [7] is recovered by (5) as a special case.
The next result is purely analytic, and solves the variational problem for the rate function I(l, f, β, d). We generalize the corresponding result in [7] . Theorem 3 (Crossover). Fix f ,β,a.
1. For d ≥ 1 and all l = l cr , the variational problem has a unique pair of minimizers, denoted by η * = η * (l, f, β, d) and c * = c * (l, f, β, d).
and
where
where l cr = γ d l * cr , with
Furthermore, c * > √ 2βm(1 − η * ) when l > l cr .
Comparing this theorem to the corresponding one in [7] , we see that in this case the extra factors α and m appear ubiquitously in the formulas. Again, we note that the formulas above reduce to the corresponding ones in [7] upon setting α = 1, m = 1.
Preparations
In this section we prove seven preparatory lemmas. Lemma 1 is needed directly in the proof of Theorem 2. Lemma 2 and Lemma 3 are needed in the proof of Proposition 1 and Theorem 1, which are central in the proof of Theorem 2. Lemma 4 is needed in the proof of both Theorem 1 and Theorem 2. Lemma 5 and Lemma 6 are needed to prove Theorem 1. Lemma 7 is used in the proof of Proposition 1. Proof. By substituting y = x/t, we see that
Recall that integrals of asymptotically equivalent positive continuous functions are asymptotically equivalent if one of the integrals diverges. Apply this result to the radial integral. By assumption, dν/dx is continuous on R d . As the d-dimensional volume element has radial component |x| d−1 d|x|, the integrands of both radial integrals below are continuous on R + . Hence, we have
Combining (12) and (13) Lemma 2 (Overproduction). Let δ > 0. Then for any t
Proof. Use the fact that E|Z(t)| = e mβt (see [10] ) and then apply Markov inequality.
Let P x be the law of Brownian motion, denoted by W , starting from x, and let P δx be the law of BBM starting from δ x . Define the first exit times from B
Then for any k ∈ N and t ≥ 0
Proof. See the corresponding proof in [7] , which is written for strictly dyadic branching, and note that the proof can easily be extended to the case of general λ-GWP with λ(0) = 0, since the population does not decrease for such processes, that is, if for any
Lemma 4 (Decomposition of the supercritical GWP). Let N = (N (n)) n∈N be a supercritical GWP with offspring distribution λ, where λ(0) > 0. Let f be the corresponding p.g.f.. Let q be the probability of extinction for N , and defineq = 1 − q. Let N * (n) be the number of particles in generation n that have an infinite line of descent.
1. The law of N given extinction is the same as that of a GWP with p.g.f.
2. The law of N * = (N * (n)) n∈N given non-extinction is the same as that of a GWP with p.g.f.
3. The law of N given non-extinction is the same as that of a process N generated as follows: Let N * be the process consisting of the particles of infinite line of descent. To each particle of N * having n 0 children, add n 1 more children, that each start an independent GWP with p.g.f.
f , where n 1 has the p.g.f.
where D is the differentiation operator, and all n 1 and all GWPs added are mutually independent given N * . The resultant process is N. 4. Let X = (X(t)) t∈R + be a continuous time branching process with rate β such that the number of particles in generation n of X is N (n) for n ∈ N. Let f be the p.g.f. for the offspring distribution of N , and let X * (t) be the number of particles with infinite line of descent present at time t. Then, the process X * = (X * (t)) t∈R + given nonextinction is equal in law to a continuous time branching process with rate β(1 − f ′ (q)) and offspring distribution, whose p.g.f. is
Remark. The reader should note that in (15), positive mass on 1 is allowed.
This distribution still has the same mean as originally (i.e., 4/3), but here we put 2/3 weight on 1.
What (17) says is that, equivalently (without putting mass on 1), it has rate β/3 and p.g.f.f = s 2 .
Proof. See [13, Proposition 4.10] for a proof of parts 1,2 and 3, and [3, Section 1.12] for further details on the decomposition of supercritical GWPs. For a proof of part 4, observe that a continuous time branching process with rate β and offspring distribution λ is equal in law to a continuous time branching process with rate β(1 − λ (1)) and offspring distributionλ, wherē λ(1) = 0 andλ(j) = λ(j)/(1 − λ(1)) for j = 1. To complete the proof, see the proof of part 3 of [16, Theorem 1].
Proof. By (14) and (15), we need to show that
The left-hand side of (18) 
Since f is convex, by Jensen's inequality, it is enough to show that
Since f is greater than or equal to the identity on [0, q], s ∈ [0, 1] implies that f (qs) ≥ qs. We now have, using f (q) = q, that
Lemma 6. Let Z 1 = (Z 1 (t)) t≥0 and Z 2 = (Z 2 (t)) t≥0 be two BBMs with the same constant branching rate β > 0, and p.g.f.'s φ 1 and φ 2 for the offspring distributions, respectively. Let P 1 s,x and P 2 s,x be the corresponding probabilities for processes that start at time s with a single particle at position
Then, for any Borel set B, and any fixed time t ≥ s,
where R j (t) is the range of process Z j up to time t for j = 1, 2.
, so the inequality in (19) is trivially satisfied. Now, assume that x ∈ B. Define
Let τ j , j = 1, 2, be the first branching time after s, for a single particle located at x ∈ R d at time s. Then, τ j is exponentially distributed with parameter β for j = 1, 2. Since τ 1 d = τ 2 , they induce the same corresponding sub-probability measure Q on [s, t]. Let E 1 s,x and E 2 s,x be the expectations corresponding to P 1 s,x and P 2 s,x , respectively. Then, conditioning on τ j and using the strong Markov property along with the branching property, we obtain for j = 1, 2, that
where π(t − s, x, B) is the probability that a single Brownian particle Y that starts at time s and position x ∈ R d remains in B until time t, while E (r)
s,x denotes the expectation conditioned on the event that Y remains in B within the time interval [s, r]. Thus, φ 1 ≤ φ 2 implies that
Set s = 0 and use that Q has an explicitly known bounded density g = g(t) to arrive at
Letting v j (x, t) := u j (0, x, t), j = 1, 2, and making the substitution r → t−r,
(21) Now let w := (v 1 − v 2 ) ∨ 0, where ∨ denotes maximum. Recall that φ 1 is monotone nondecreasing and convex on [0, 1], having a bounded derivative.
Note that if w(x, t) = 0, then (22) holds since the right-hand side is nonnegative, and if w(x, t) ≥ 0, then (22) holds by the definition of w and by (21). Define F (r) := E (t−r) 0,x w(Y t−r , r), and note that F (t) = w(x, t). We have
and, by Gronwall's inequality, we conclude that F (t) ≤ 0. Hence, w(x, t) ≤ 0. But w(x, t) ≥ 0 by definition, therefore w(x, t) = 0, that is v 1 − v 2 ≥ 0, which means that u 1 ≤ u 2 , as claimed.
Lemma 7 (Brownian hitting times in R d ). Let B be a Brownian motion in R d starting at the origin, with corresponding probability P 0 , and let k > 0. Then, as t → ∞,
Furthermore, for d = 1, even the following stronger statement is true. Let m t = inf 0≤s≤t B s and M t = sup 0≤s≤t B s . (The process M t − m t is the range process of B.) Then, as t → ∞,
Proof. For d = 1, recall that [10, equation 7.3.3] for any a > 0,
Setting a = kt above, we see via l'Hôpital's rule that
We now extend this result to d ≥ 2. Note that the lower bound holds trivially since the projection of a d-dimensional Brownian motion onto the first coordinate axis is a one-dimensional Brownian motion. In order to prove the upper bound, we first prove (24). Let d = 1. Define
According to p.199 in [4] and references therein, the Laplace transform of θ c satisfies
, λ > 0.
Hence, by exponential Markov inequality,
.
Taking c = kt, one obtains
Optimizing, we see that the estimate is the sharpest when λ = k, in which case, we arrive at the desired upper bound.
where W is the standard Brownian motion. Using the strong Markov property of Brownian motion, applied at the first hitting time of the ρ-sphere, it is clear that in order to verify the lemma, it suffices to prove it when B is replaced by B x , and |x| = ρ > 0. This follows, since for every fixed ρ such that 0 < ρ < kt, we have
where τ is the first hitting time of B on the ρ-sphere, and {P r ; r > 0} are the probabilities for R (or for W ). Now consider B x and define the sequence of stopping times 0 = τ 0 < σ 0 < τ 1 < σ 1 , . . . with respect to the filtration generated by R (and thus, also with respect to the one generated by W ) as follows:
and for i ≥ 1,
Note that for i ≥ 0 and s ∈ [τ i , σ i ],
This can be further upper estimated by
for any δ > 0, as long as t ≥ ρ/δ, where the last equality follows from the translation invariance of Brownian motion. To complete the proof, fix ρ, δ > 0, let t → ∞, and use the already proven relation (24), along with (25). Finally let δ → 0 and ρ → ∞.
Speed of BBM
In this section, we first state a well-known convergence in probability result regarding the speed of BBM, which holds when the dimension is one, and when each particle is certain to give at least one offspring, i.e., λ(0) = 0. We then extend this result to any dimension, and finally to the case where λ(0) > 0. The results of this section are central in proving Theorem 2.
Recall from (4) that M (t) = inf {r > 0 : R(t) ⊆ B r (0)} for d ≥ 1 denotes the radius of the minimal ball containing the range of the process up to time t, where R(t) stands for the range up to time t.
Proposition 1 (Speed of BBM). Suppose that
Remark. It is easy to see that the quantity βm is invariant under changing the setting from the 'canonical one' (that is, putting zero mass on 1) to a non-canonical one (that is, assigning positive mass to 1).
Proof. For d = 1, the reader is referred to [14, 15] and [5] . Now let d ≥ 2.
Since the projection of Z onto the 1st coordinate axis is a one-dimensional BBM with branching rate β, the lower estimate for convergence in probability follows from the result for d = 1 and the inequality
∀ε > 0 and ∀t, where P * denotes the law of the one-dimensional projection of Z. To prove the upper estimate for convergence in probability, let ε > 0 and let B = B ( √ 2βm+ε)t (0). Pick δ > 0 such that
Recall that ψ B andψ B are the first exit times from B for a single Brownian particle starting at the origin and for a BBM, respectively. See that these events are identical:
By Lemma 2, the first term on the right-hand side tends to zero exponentially fast. Now consider the second term. Recall that P x is the law of Brownian motion starting from x, and P δx is the law of BBM starting from δ x . By Lemma 3, we have the estimate
By Lemma 7,
(29) By (27), using the binomial expansion, right-hand side of (29) tends to 1 exponentially fast as t → ∞, so that (28) yields the desired upper estimate
which completes the proof.
Proof of Theorem 1
We emphasize that in this proof, the branching rate for all types of particles for all processes considered is constant and is equal to β, and all probabilities written should be understood as conditioned on the nonextinction of the underlying GWP.
First, decompose the supercritical GWP into two sets of particles: particles with infinite line of descent, which, following the terminology in [18] , we call skeleton particles; and particles with finite line of descent, which we call the doomed particles. By Lemma 4, each skeleton particle gives rise to a GWP consisting only of skeleton particles with p.g.f.
where q is the probability of extinction for the underlying GWP andq = 1 − q. Also, by Lemma 4, each doomed particle starts her own single-type GWP with p.g.f.f (s) := f (qs)/q.
Observe that (f * )
, and define k = κ − 1. It is clear that each skeleton particle produces at least one skeleton particle, and can produce doomed particles as well, whereas a doomed particle only produces doomed particles. Now we translate this decomposition into the language of multi-type GWPs, see [3, Chapter 5] . We define the skeleton particles to be of type 1, and the doomed particles to be of type 2, so that the underlying GWP is a two-type GWP, and we have the following decomposition for the BBM:
where Z 1 is the process consisting of the skeleton particles, and Z 2 is the one consisting of the doomed particles. Note that Z 1 by itself is a BBM, however, Z 2 is not. Let |Z j (t)|, j = 1, 2 be the number of particles of type j existing at time t. Observe that conditioning Z on non-extinction is equivalent to the initial condition (|Z 1 (0)|, |Z 2 (0)|) = (1, 0), which says that the process starts with one skeleton particle, hence never dies out. For d ≥ 1, let us define the range of Z 1 as R 1 , and the range of Z 2 as R 2 . Similarly, define
and βm in the speed is invariant under how one describes the branching (see the remark after Proposition 1), Proposition 1 immediately gives the desired lower bound: ∀ε > 0,
In order to obtain the desired upper bound, we find the mean matrix for the two-type continuous time branching process |Z| = (|Z 1 |, |Z 2 |). Let
be the p.g.f.'s that determine the distribution of the offspring produced by particles of type 1 and type 2, respectively, where p (k) (i, j), k = 1, 2 is the probability that a particle of type k gives i offspring of type 1 and j offspring of type 2. It follows that
where p (2) (i, j) = 0 for i = 1, 2, . . . since a doomed particle never produces a skeleton particle. In order to find the mean matrix, we first calculate the expected number of offspring of type 2 for a particle of type 1, denoted by E[N (2) (1)|N (0) = (1, 0)], where the discrete-time process (N (n)) n∈N represents the number of particles in generation n of |Z|. Let L denote the random variable for the number of offspring for a particle in the original GWP, L * of which are skeleton particles. By [13, Proposition 4.10] , the
where we have used (31) in the fourth equality. Setting s = t in (32) yields the p.g.f. for the total number of offspring for a skeleton particle:
Finally, differentiating (33) with respect to s, setting s = 1 and then subtracting µ gives the desired expectation
It follows that the mean matrix [3, Section 5.7] for this two-type continuous time branching process is given by:
where A ij (t) is the expected population of type j at time t given that the process starts with a single particle of type i.
The strategy now is to compare the two-type BBM Z at hand with a modified two-type BBM, say Z, prove the result for Z, and finally conclude that the result holds for Z by comparison. Let Z = (Z 1 ,Z 2 ) be a two-type BBM, P be the corresponding probability, andf (1) ,f (2) be the p.g.f.'s for the offspring of particles of type 1 and type 2 respectively, such that the p.g.f.'s for every 0 ≤ s ≤ 1 and every 0 ≤ t ≤ 1 satisfȳ
which says that a particle of type 1 of Z and that of Z behave exactly alike, whereas a particle of type 2 of Z produces no offspring of type 1 similar to Z, but produces offspring of her own type just as a particle of type 1 of Z produces offspring of type 1, with mean µ > 1. The mean matrix for this modified process is
Define similarly as before the range of Z 1 as R 1 , and the range of Z 2 as R 2 .
Further define
By (35) and (36), and since (f * ) ′ (1) − 1 = m and f * (0) = 0, Proposition 1 implies that for every ε > 0
Furthermore, since particles of type 1 of Z behave exactly the same way as those of Z, and particles of type 2 of Z produce offspring according to f * while particles of type 2 of Z produce offspring according tof , by Lemma 5 and Lemma 6, to complete the proof it suffices to show that
We proceed as in the proof of Proposition 1. Let B = B ( √ 2βm+ε)t (0), and δ > 0 satisfy (27) as before.
and estimate as before,
By the fact that E[|Z
q (m − k)βte βtm and the Markov inequality, the first term on the right-hand side tends to zero. The second term on the right-hand side tends to zero by an extension of Lemma 3. Note that since each particle of type 2 of Z produces at least one particle of its own type (i.e.,f (2) (s, 0) = 0), we may extend Lemma 3 to apply to particles of type 2 of Z. This completes the proof of Theorem 1.
Proof of Theorem 2
Part 3 of the theorem follows since τ < ∞ almost surely for a nonsupercritical process. For a detailed proof of part 3, see [16, Theorem 1] . Since λ(0) = 0 gives α = 1 and P (E c ) = 1, conditioning the process on E c is the same as not conditioning it when λ(0) = 0. Hence, we may extend part 2 to cover for the case λ(0) = 0, and prove the first two parts of the theorem together. Note that the key ingredients in the proof are results concerning the decomposition of supercritical GW-processes and the speed of BBM, namely Lemma 4 and Theorem 1.
Proof of the lower bound
Let m > 0. Fix β, d, f and η, c. The scenario below yields the desired lower bound for the annealed survival probability conditioned on nonextinction, i.e., (E × P ) (T > t|E c ).
1. Recall that the first particle must be of infinite line of descent once the process is conditioned on non-extinction. Suppress the branching so that there is precisely one skeleton particle in the system up to time ηt. This is equivalent to requiring that whenever a skeleton particle branches within the period [0, ηt], it gives precisely one offspring of its own kind. Therefore, by the fourth part of Lemma 4, this event has probability exp[−βαηt].
2. For d ≥ 2, empty the two-sided cylinder ("tube") T t , defined by
where k > c, and t → r(t) and t → h(t) are non-negative mappings that are picked such that lim t→∞ r(t)/t = 0, lim t→∞ r(t) = ∞ and lim t→∞ h(t)/t = 0, lim t→∞ h(t) = ∞. By the upper bounds above on r(t) and h(t), Lemma 1 gives that the probability to empty T t is exp[o(t)] for d ≥ 2. For d = 1, empty the line T 1 t := {x 1 ∈ R : |x 1 | ≤ 2h(t)}, which again costs a probability of exp[o(t)]. 3. For d ≥ 2, move the single skeleton particle (see the remark after Lemma 4) during the period [0, ηt] so that it is at a specific site at distance ct + o(t) from the origin at time ηt (assume without loss of generality that the specific site has first coordinate ct + o(t) and all other coordinates zero), and confine it to the smaller tubeT t , defined byT
up to time ηt. Let P 0 be the d-dimensional Wiener measure, W 1 be the projection of the d-dimensional Brownian motion onto the first coordinate axis, and decompose the Brownian motion into an independent sum W = W 1 +W d−1 , where W d−1 is hence implicitly defined. Define the events
Note that the event A t ∩ B t ∩ C t is exactly the desired scenario for this part. The formula for the transition density for d-dimensional Brownian motion gives P 0 (A t ) = exp[− c 2 2η t + o(t)], and Lemma 7 gives
which yields
Since r(t) → ∞, we have P 0 (C t ) = exp[o(t)]. Combining this with (37) and using the independence of W 1 and W d−1 , we find
For d = 1, note that the function in (5) is minimized when c = 0 (see the proof of Theorem 3). Confine the single skeleton particle to the one-dimensional tubeT 1 t := {x 1 ∈ R : |x 1 | ≤ h(t)} up to time ηt. Since the length of the tube tends to infinity as t tends to infinity, the probability of this event is exp[o(t)].
4. Confine all the doomed particles that are created within the period [0, ηt] to the larger tubes T t and T 1 t for d ≥ 2 and d = 1, respectively, up to time t. Since the number of occurrences of branching up to time t along a single ancestral line is a Poisson process with mean βt, and a skeleton particle on average produces (µ−κ)q/(1−q) doomed particles every time it branches (see the proof of Theorem 1), it follows that at most ⌊βηt(µ−κ)q/(1−q)⌋ doomed particles are produced along the single skeletal line up to time ηt with probability exp[o(t)]. Let the radii 1 of the subtrees initiated by these ⌊βηt(µ−κ)q/(1−q)⌋ =: n(t) doomed particles be ρ 1 , ρ 2 , . . . , ρ n(t) . If K(t) := max ρ 1 , ρ 2 , . . . , ρ n(t) , then
Now, since a doomed subtree is almost surely finite, lim t→∞ h(t) = ∞ implies that P (ρ 1 < h(t)) → 1, which in turn implies that the probability in (38) is exp[o(t)]. We have already confined the single skeleton particle to the smaller tubeT t for d ≥ 2 (T 1 t for d = 1). Since each doomed particle that is produced along the single skeletal line within the period [0, ηt] must be produced within the smaller tubê T t (T 1 t ), and the dimensions of the larger tube T t (T 1 t ) all exceed the corresponding dimensions of the smaller tube by h(t), we conclude that all of the doomed particles that are created within the period [0, ηt] stay inside the larger tube with probability exp[o(t)]. 5. Empty a √ 2βm(1 − η)t-ball around the position of the single skeleton particle at time ηt. By Lemma 1, this event has probability
6. Require the branching system initiated by the single skeleton particle present at time ηt to stay inside the √ 2βm(1 − η)t-ball during the remaining time (1 − η)t. When m > 0, by Proposition 1 and Theorem 1, the probability of this event conditioned on non-extinction is exp[o(t)].
Since the motion, branching and trap formation mechanisms are independent of each other, minimizing the cost of all these events over the parameters η and c provides us with the desired lower estimate for (E×P )(T > t|E c ). Note that the survival scenario described above is composed of three large deviation events: suppressing the branching for a linear time, moving the Brownian particle to a linear distance, and emptying a ball with linear radius. The remaining three components, namely parts two, four and six are not large deviation events and do not give exponential costs.
Proof of the upper bound
Fix β, d, f . Let 0 < ε < 1. Recall that |Z(t)| is the number of particles in the system at time t, |Z * (t)| of which are skeleton particles. For t > 1, define
Before we proceed, we prove the following lemma:
Proof. Observe that
By part 4 of Lemma 4, we know that the process |Z * | conditioned on non-extinction of |Z| is equal in law to a continuous time branching process with rate β(1 − f ′ (q)) = βα and offspring distributionλ, whereλ(0) =λ(1) = 0. On the event E c , since the first particle is of infinite line of descent and t > 1, the inequality P ( i n ≤ η t |E c ) ≥ exp[−βα i n t + o(t)] follows trivially. Now consider a strictly dyadic branching Brownian motionZ. We have P (|Z(t)| = k) = e −βt (1 − e −βt ) k−1 for every k ∈ N and for every t ≥ 0, see [10] . It follows that P (|Z(t)| ≥ k) = (1 − e −βt ) k . Using the binomial expansion (1 − x) n = 1 − nx + n 2 x 2 − . . . + (−1) n x n , we obtain
The result follows by comparison with the strictly dyadic case, sinceλ(0) = λ(1) = 0.
Henceforth, all probabilities written should be understood as conditioned on E c . Now, for every n ∈ N,
where we use Lemma 8, and introduce the conditional probabilities
, i = 0, 1, . . . , n − 1 to be the event that among the |Z * (t(i + 1)/n)| skeleton particles alive at time t(i + 1)/n, there are ≤ ⌊t d+ε ⌋ particles such that the ball with radius ρ
around the particle is non-empty (i.e., contains a point from ω). Estimate
On the event [A (i,n) t ] c there are > ⌊t d+ε ⌋ balls containing a trap, and by Proposition 1 and (41), the BBM emanating from the center of each ball exists this ball in the remaining time (1 − (i + 1)/n)t with a probability tending to 1 as t → ∞. By radial symmetry, the BBM hits a trap inside this ball with a probability
when exiting, where C 1 > 0 is a constant depending on the geometry. Hence, the second term on the righthand side of (42) is bounded above by
uniformly in all parameters, where C 2 > 0 is another constant. Hence, the second term on the right-hand side of (42) is superexponentially small (SES).
Now consider the first term on the right-hand side of (42). Since g d (rt, bt) =with an empty ball around it. From (42), (43) and (44), we obtain (E×P
Here, the SES comes from the second term on the right-hand side of (42). Also, in passing to the last inequality, we have used that the probability of the event |x 0 | ≥ √ 2βt is bounded above by the probability that a single Brownian particle is at a distance ≥ √ 2βt at time t, which is exp[−βt+o(t)]. Substituting (45) into (40), and optimizing over i, j ∈ {0, 1, . . . , n − 1} gives lim sup
Now let η = i/n, c = j/n √ 2β, let n → ∞, use the continuity of the functional form from which the minimum is taken, and finally let ε → 0 to obtain the desired upper bound, lim sup
Note that c > √ 2β cannot minimize
since this makes (46) greater than β, which can be improved by setting c = 0 and η = 1. 
To see the existence of the minimizers η * , c * of (48) We refer the reader to [7] for the proof of their uniqueness when l = l cr . Consider d = 1. Since g 1 (r, b) = 2r, the minimum over c in (48) This proves (6) and (7), and identifies l cr as the solution to βα = 2l √ 2βm. Now consider d ≥ 2. We have
where the last term on the right-hand side is less than or equal to zero, with equality if and only if (η, c) = (0, 0) (this follows from the definiton of g d ). Suppose that (η, c) = (0, 0) is a minimizer when l = l 0 . Then, by uniqueness of minimizers, the right-hand side of (49) is strictly positive for all (η, c) = (0, 0) when l = l 0 . As the last term in the right-hand side of (49) is strictly negative for all (η, c) = (0, 0), it follows that for all l < l 0 , the right-hand side of (49) is zero when (η, c) = (0, 0) and strictly positive otherwise. Therefore, there must exist l cr ∈ (0, ∞) such that 
Since g d (u) ∼ s d u as u → ∞ by (50), we obtain from Lemma 9 that the left-hand side of (56) is strictly convex on (0, 1), has infinite slope at 1, is strictly concave on (1, ∞), and has limiting derivative l/(2ml * cr ) (see Figure  1 ). Firstly, see that l cr ≤ αl * cr . Indeed, assume the contrary. Then, there existsl ∈ (αl * cr , l cr ), which implies that (η, c) = (0, 0) is the unique minimizer for G d when l =l. However, G d (0, 0) = βl/l * cr > βα = G d (1, 0), which contradicts (η, c) = (0, 0) being the minimizer. This implies that l cr ≤ αl * cr . We claim that l cr can be identified by the following formula which completes the proof of (10) and (11) . We finally show that u * ∈ (0, 1) when l > l cr . Note that for a fixed v, if the line on the right-hand side of (56) cuts the curve on the left-hand side at more than one point, then by (55), this v cannot be v * since the minimizer is unique. Hence, we are looking for a v value such that (56) is satisfied for exactly one u value, and this pair is (u * , v * ). This implies that when v = v * , the line on the right-hand side of (56) is tangent to the curve on the left-hand side at u = u * . Since v * > 1/m(α − l/l cr * ), the slope of the line on the right-hand side of (56) is < 1/(2m)(l/l * cr ). Then, since the left-hand side of (56) has infinite slope at u = 1, is concave on (1, ∞), and decreases asymptotically to 1/(2m)(l/l * cr ), it follows that u * ∈ (0, 1). By (53), we conclude that c * > √ 2βm(1 − η * ). This completes the proof of Theorem 3.
